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TECHNICAL MEMORANDUM NO. 703 

TAKB-OFr AND PROPELLER THRUST* 
By Martin Schrenk 



I. INTRODUCTION 



Since the fifty-ninth report of the D.V.L, (Deutsche 
Ver such sanst alt fiir Luftifahrt) (reference 1) no further 
G-erman treatises on the taJce-off distance have appeared. 
Still that fuhdamental and meritorious work is incomplete 
and unsatisfactory in many Respects. 

In the calculation of the ground run the practical 
engineer is disturbed by the di sproportionality between 
the complexity of the fundamental formula and the uncer- 
tainty of the assumptions, eBpeci,ally as regards the pro- 
peller thrust. Blenk develops an approximation formula, 
whose degree of accuracjr is difficult to ascertain and 
which he himself designates ' as useful only for purposes 
of comparison. 

This defect can be remedied by the development of ah 
extremely simple and yet accurate formula, which makes it 
possible to ascertain simultaneously and directly the ef- 
fect of the determinative quantities on the ground run 
and the effect of alterations. It is derived from the di- 
agram of forces after deducting the friction of the ground 
and the resistance of the air. The assumption of the pro- 
portional decrease in the propeller thrust with the dynam- 
ic pressure, which is indispensable for every calculation, 
should be verified by comparison with propeller-model 
tests. This leads almost necessarily to the use of a nonr* 
dimensional thrust formula derived for the purpose, which 
can also serve well for other aviation purposes. These 
wider relations, however, can be treated only by way of 
suggestion, corresponding to the scope of the present 
work. 



♦"Abflug und S chraub ens chub. " Z,E,M,, November 14, 1.93S, 
pp. 629-639. 
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Moreover, in tie above-mentioned work, the actual 
flight path after the take-off was replaced "by a broken 
linOf with an arhitrary assumption ("best criterion of 
climh) for the flight condition in climbing. Aside from 
the fact that the steepest climb does not take place with 
the best criterion of climb, the disregard of the transi- 
tion arc before the climb is accompanied by considerable ' 
uncertainty. We will endeavor to calculate this arc, at 
least approximately. 

As a result of the work, it is endeavored to obtain, 
along with the truest possible comprehension of the course 
of the thrust, a complete, simple and clear formula for 
the whole taka«off distance up to a certain altitude, 
which shall give the correct relative weight to all the 
factors, 

II. NOTAflON 



The notation is the same as in my previous work, with 
the addition of the following symbols; (Reference 2.) 

P, accelerating force, 

S, ground £tiotion. 

s, distance. 

altitude at end of take-off distance, 
r, radius of transition- arc. 
\if coefficient of ground friction, 
(p, path aJigle during climb. 

figure of merit (Bendemajin) . 

9, S, ^, n, nondimensional coefficients for 
speed, dynamic pressure, thrust, drag, and accelerating 
force« All the quantities are in homogeneous units. 
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HI. DERIVATION OP THE TAKB-OIT .FORMULAS . 
1. Simplifiiad lotmulats-for tjie Take- Off Run 



During the ground run the iairplane is sulijected to 
the propeller thrust, air resistance, and ground friction. 
After deducting the last two from the propeller thrust, 
the remaining force serves to accelerate the airplane. 
Of course these deductions must he made hefora the forja^'- 
tion of the differential equation, which may l3e: expected 
to simplify the solution considerahly. 

Jot landplanes only the taksr-off distance is impor- 
tant, while the time constuned does not matter:. It is 
therefore -expedient to form the differential equation so 
as to obtain the ground run by a single integration. 
Such is the case when the energy equation. Instead of the 
momentum equation, is taken. as the basis. The formula 
then reads 



or, with 



Here P is the force available for acceleration at any 
instant of the ground run, • According to Figure 1 

P W' - ar^ ■ •• 

For the propeller thrust we choose, in agreement with Blenk, 
the Aleyrac assumption of linear fall with the dynamic 
pressure. Te shall see later how far this assumption is 
justified. The air resistance and ground friction are pro- 
portional to the dynamic pressure in so far as the airplane 
runs at a constant angle of attack. For Bimpilcltyj It 
is first assumed that the. airplane runs and rises at the 
same angle, of attack (lift coefficient ) , On this as- 

sumption the ground run is somewhat longer^than if it were 
made at a more favorable coefficient of lift. In Section 
111,3 it will be shown how the shortest ground run can be 
regarded. Hence, we obtain, as shown in Figure 1, a lin- 
ear course of the accelerating force P over the dkynamlc 
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pressure q of the form 

<li 



^ = Po - 1 



Thus equation (l) becomes 



as-"* 



p Pq " Pi 



and finally, by integration, 

Tills result Is really quite simple. Nevertheless formula 
(2) is not yet clear, since the two terms 

and m ^ 



Po Pi Pi 

are opposed, and it is not immediately obvious as to which 
predominates. Hence a further simplification will be un- 
dertaken. 

Instead of the linear drop from Pq to Fx > it will 
be assumed that the force 

the mean accrelerating force, will act uniformly during the 
whole take-off process. Consequently, equation (l) be- 
comes 



^ ^ 7 Pm 



and integration yields 

G- q, 

B-^ = ^ (3a) 

This expression is, in fact, extremely simple and clear. 
Its physical significance is best perceived from the fol- 
lowing form 



G Vi^ 



~ P^ s-g 



(3b) 



N.A.C>A. !I!ec:b.nical Memorandum ITo* 703 



5 



in which Vr^ /2g is the speed of the airplane at the in- 
stant of leaving the ground. It may therefore "be said 
that the ground run is . equal tp the speed of the airplane 
at the instant of leaving the ground multipll©d*"by the ra- 
tio of the weight to the mean accelerating force. 

For practical use the ground run may also "be expressed 
in the folloiring form, from which the connection with the 
airplane's character! stica directly proceeds. 

Bi = I -i-rr . (3c) 

Pm 2" cai ^ 

2« Accuracy of the Approximation Formula 



The hatched area in Figure 1 contains the accelerating 
forces P, which are determinative for the take-off. It 
does not correspond, however, to the ground run, since the 
latter was not obtained as an integral over P d q, "but 
over dq/p. The last integral denotes the area of a fig- 
ure with the reciprocal acceleration forces as ordinates. 
Since this figure is not a trapezoid. Taut is hounded on one 
side "by a curve, its area cannot be accurately expressed 
"by a mean ordinate Pra» and all the less, so,, the greater 
the difference between the initial and final ordinate. 

The degree of accuracy of the approximation formula 
is found by comparing the accurate formula (3) with the 
approximation formula (3a) at variable Pq/Pi . ^e then 
obtain, for the ratio of an assumed true mean force Fjn' 
(for which the formulas (3) would be exact), in addition 
to the arithmetical mean 



2 

used by. us, the following formula 




/ 



In the same degree as Pfa' remain.s hehind Pm, the ground 
run calculated by the approximation formula (3a) is a.lso 
too small. From Figure 2 it follows that the resulting 
error is small, being less than 3 per cent iii the important 
region below Po/^i - 2. Moreover the error is easily cor- 
rected by using the error curve in Figure 2. 
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The accuracy of this calculation therefore depends 
only on the reliability of the assumption regarding the 
rectilinear fall of, the propeller thrust and on the accu- 
racy of the values calculated, for the torque stand and 
far the take-off. This matter will receive more detailed 
attention farther on. 



3, Minimum Ground Run - Effect of Wind 

It is now easy, with formulas (3a) and (313 ) , to cal- 
culate also the shortest possihle starting run. The 
ground run is the shortest when the force P assumes its 
maximum value at every instant. Prom the force diagram 
it follows that this condition is directly fulfilled on 
the resistance curve hy the tangent from the point on the 
ordinate which represents the ground friction. The gain 
A Pjjj is inconsiderahl e in most cases. However, since 
the process of determining the maximum is so simple, 

it is always advisable to us.e it. 

This means that the airplane runs with the angle of 
attack corresponding to q^.. On reaching qj_ the pilot 
pulls up to the corresponding angle of attack and thus 
lifts the airplane from the ground. In Figure 3 it is ob- 
vious that the effect of this procedure is all the greater, 
the smaller the ground friction in comparison with the 
minimum air resistance, and the nearer q^^ approaches 
the minimum dynamic pressure. For a short ground run, q^^ 
is made as small as possible, but we will see later that 
the minimum total take-off distance is greatly affected 
by the transition arc and lies therefore at a somewhat 
greater q^. 

The effect of a head wind on the ground run 'is a 
double one. A head wind of v.^ reduces the ground speed 
required for the lift-off to v^^ - v^. the same time 

the propeller efficiency is increased and the thrust cor- 
respondingly reduced. The latter effect is of a subordi- 
nate nature. In Figure 1 this is taken into account by 
choosing the dynamic pressure qw - £• 8ls the initial 

c 

dynamic pressure instead of the origin, A somewhat small- 
er value Fn^ is thus obtained for the mean accelerating 
force. 

The reduction of the take-off speed can be expressed 
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diriBctly in formula (St), Tiia ground run in a head wind 

then—'b ec ome 8 . ■ ,. 

So long as remains small in comparison with 

v^^ (i.e., up to .about v^/vj, = 0,2), the ground run in 
a head wind can he converted with sufficient accuracy to 
that in still air by the formula 

s, = — (3e) 
,1 - 2 ^ 

in which is the ground take-off speed (determined, 

e.g., by photographic measurement) plus the measured wind 
velocity v^. In the region under consideration this is 

P m ~ ^ mw • 

It is o-bvious from (3d) that a weak head wind has a 
relatively great effect, A wind eq.ual to 10 per cent of 
the take-off speed, e.,g,, reduces the ground run by about 
20 per cent, 

4, Transition to Climb 



The total take-off distance up to a given altitude 
h consists of three phases (fig. 4): The ground run 
(a^), the transition arc (sg), and the climb ■ X^^) * 
The known formulas disregard the transition a,rc, though 
the conseg^uent error, as we shall see, is not always small. 

After the lift-off, the pilot pulls on the control 
stick and forces the airplane into an upward curve,, De- - 
spite the increased drag there is generally an excess 
momentum which carries the airplane along but, -.as the 
slope increases, thi s. excess, diminishes .and may. even be-, 
come negative, so that the motion is retarded. On attiain- 
ing the best slope for climbing, the pilot adjusts the 
elevator control in the corresponding position and contin- 
ues to climb in a straight' line.* 



♦Zooms, such as are often made in obstacle races, are dis- 
regarded here, since they have no commercial importance. 
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The problem is now to develop a general differential 
equation for this motion and then, "by variation of the 
independent variables, to determine the "oest form of the 
transition arc. This protlexa is exceedingly complex, due 
to the interdependence of the variables (distance, dynam- 
ic pressure, air resistance). The difficulties in its 
solution would he entirely disproportionate to the impor- 
tance and the requisite accuracy of the calculation,- 
Hence only a simple approximation is here attempted, 

rirst of all it is assumed that the airplane, after 
the take-off, descrihes an arc with the constant radius 
r, until it acquires the slope cp suitable for continu- 
ous climbing. For the moderate values of 9 Ccos<P * 1) 
involved, we then have 

Bs = q) r (4) 

First arises the question regarding the ratio "between the 
dynamic pressure and the lift coefficient at constant r. 
This is determined from the centripetal acceleration 




Herefrom, with the known relations, we ohtain 

f = i (1^ - t) ('^^ 

It is ohvious that the lift ceefficient at constant radius 
is inversely proportional to the dynamic pressure, i.e., 
the pilot must first pull up the elevator, then let it 
hack a little and finally pull again stronger^ in order 
to descrihe an arc. The radial acceleration then goes 
with the dynamic pressure, While the tangential accelera- 
tion depends on the path forces. 

Expression (5) holds good for every part of the arc, 
e.g., the upper end. There expression (5) becomes 

2 G 1 

f ca^ - ca3* 

since Ca^ is the lift coefficient at the end of Sg. 
The loss from the transition arc is proportional to r, 
which has its minimum value, when 



Cag - °aniax 
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Then ^ _ 3 & . 1 ■ 

The value of Cq, is first determined from the "best con- 
dition for climbing. A smaller c- may give a better 
total di stance ( however, since the loss in the transition 
arc is smaller. 

. The beginning of the arc will now be considered and 
the conditions at the beginning (cag') and at the end 
^^s-mai^ of the arc will be combined with each other ac- 
cording to f ortouia (5) . 

qi Gr/I " q3 

Fron this we obtain, by a simple transformation, the rela- 
tion between the lift coefficients at a constant radius 
of the arc, 

°ainai - = °a g - Ca ^ (7) 

Here Ca^^ and Cag' are still entirely optional, A 
minimum value of the ground run s is obtained by (3c), 
when o^^ is as great as possible. According to formula 
(7) , however, we have 

°ai = cag. 

since otherwise Co ' would be greater thein Ca«-,ir'* 

We would thus have the obvious result that the distance 
Si + Sg would be the smallest when the beginning and end 
of the arc are flown at Canax* middle portion, on 

the contrary would, according to formula. (5) , be somewhat 
smaller on account of the smaller Cg,* 



As to. how far this is possible, depends on; the force 
relations. Here it Is very opportune that 'this polar is 
generally very flat at the uaximum lift, so that it is al- 
most always possible to fly in the vicinity of Canax 
such a way. that the balance, of the path for.ces is neutral- 
ized. Appreciable deviations can occur only... with airplanes 
of eiceptionally large or snail excess power-; In future 

*The effect of the rate of change of the angle of attack 
on the maximum lift is disregarded* 
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we will therefore "base pur calculations on the following 
assumptions, 

°ai.= ,<^a3' - is» ~ <l3 

Gas = cag' = °aniax 

With respect to the simple geometric relation "between the 
forces duri-ng the climh 

= sin cp -~ cp, 
equations (4) and (6) then beceme 



s 

or 



2 Pi 



Ss * 



^ (9) 



^ ^ !±ma2C 1 
°ai 

It now follows from Figure 4 that the loss from the transi- 
tion arc equals just half of the transition distance j 
since the airplane is then climbing* We can make the cal- 
culation as if the airplane, imznediately after leaving the . 
ground, were climbing at the angle Cp , if we add a lost 
di stance 

. = ?!. 1— = !l. Si (10) 

*'a^a:c " °ax '^^ ^a^ax ^ 

to the distances s^, and S3. 

The climbing distance from the ground to the altitude 
h, according to Figure 4, then becomes 

h r^- h • G- , ^ 

3 tan 9 sin cp p^, ^^^^ 

Formula (lO) is also quite helpful in the designing of air- 
planes with respect to their . take-off characteristics. 
The greatest effect on the distance Sg is produced by the 
difference °ajaax " ^a^* Slotted wings and similar devices 

for increasing the lift can increase this difference to a 
multiple of its normal value and thus make the transition 
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arc very short, as could recently "be observed for the .air- 
planes participating in the European circuit flight,* 



IV. NOiTDIUENSIONAl THEUST DIAGRAMS 
1* Bendemann's Limit 

If it is desired to find a general law for the course 
of the propeller thrust, inquiries will first "be made re- 
garding the physical possibilities of the upper limit. 
It might indeed happen that the actual thrust curve would 
closely follow the theoretical limit in a way similar to 
the drag of a wing which differs from the induced drag 
only hy an almost constant amount. 

The relation "between the thrust limit and the speed 
was indicated hy Bendemann, (Eeference 3.) In this con- 
nection he considers only the axial acceleration of the 
slipstream, where the additional speed and the thrust are 
considered uniformly distributed over the woole cross sec- 
tion of the slipstream. Further losse??: which are occa- 
sioned on the actual propeller by rotation of the slip- 
stream, finite blade number and profile drag, will be in- 
cluded later in a figure of merit. We obtain. the relation 
between the "ideal" or limiting thrust Sid *he 
flight speed v through the transformation of the two 
well-known expressions 



•Ha 



2 



1 +-yT + c, 

Sid 



=■ V^ Pg 



Cs = 

2 

with consideration of the circumstance that 



Sid ? 



a . IT' 



Therefrom follows .the limiting equation for the ideal 
thrust • ■ ■ 

Sid® '+ 3 P Pp 27 V Sid - 2 P Pg if = 0 . (12) 



♦For unlimited Oaraai limiting case, we would have 

r - 0. This would correspond to a momentary deflection, 
such as might be caused by a guide rail with a notch. 
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as a function of the flight speed v, of the propeller- 
disk area P^, of the engine power IT, and of the air 
density P, For convenient evaluation, we will write equa- 
tion (12)' in the following form: 



^ ^ 2 P IT^ - Sid^ . 
2 P Fg N Sicl 

2, Nondimensional (S,v) Limiting Curve 



(13) 



Equation (13) can he easily made nondimensional . 
For greater clearness we introduce 

(2 P Fg ^)^^^ = S» (14) 
and then ohtain the expression 




(15) 



S» 



The left side of equation (15) is a nondimensional func- 
tion of the speed; the right side, a nondimensional func- 
tion of the thrust. In order to make the physical rela- 
tion clearer, it is temporarily assumed that the power in- 
cluded in the propeller disk is independent of the speed. 
Then equation (14) is the well-known Bendemann expression 
for the limiting thrust on the torque stand (S^^/S^) , 

that is, the ratio of the limiting thrust at the speed v 
to the limiting thrust on the torque stand. The thrust 
function drops from 1 to 0 when the speed function in- 
creases from 0 to 00, (Fig. 5.) 

When N is constant, the a'bscissa represents the 
speed and the ordinate the ideal thrust. If, on the con- 
trary, IT depends on v, then the two axss no longer 
strictly represent this simple relation. We will see lat- 
er, however, that N is generally sufficiently constant 
in the rang* of operation of actual propellers. 
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3, Introduction- of Experimental ValuoB 



MbriBOver , the experimental values, of actual propel- 
lers can "be introduced into this scheme. It is only nec- 
essary to substitute the experimental thrust S for the 
limiting thrust Sj[^. She two coordinates then receive 
the following designations.. 



£1 

IT 



= V 



_9_ _ 
S' 



(2 P H^ ) 

iff 



(2 P N^) 



1/3 



ITT 



{ 



V ( 2 



1/3 



= 2 



(16) 



s • 



It would he very inconvenient, however, to calculate the 
speed coefficient $ and the thrust coefficient 2 with 
these formulas. Hence we introduce the coefficients 
ka, and T] into formula (11) and ohtain 



V 



21 = 



•s 



(2 kd)^/^ 



1/3 



(17) 



The ahsclBsa tlierefore hehavas like the reciprocal of the 
third root of the performance factor a\, while the or- 



dinate is of the form 



-a 



2/3 



and therefore corresponds 



to the well-known coefficient- of climh. 



Uhe experimental values can h© very easily trans- 
formed hy calcxilat ion- with formulas (17) for our diagram, 
For further facilitation the corresponding formulas for 
the evaluation of the American H.A.CA. experiments are 
given 



$ = 1.16 Op 



S = 0.86 C-u/Cp 



1/3 
2/3 



(17 a) 



An example is given in Pigure 6. 
Tig_ is plotted as the product of 



The axial efficiency 



^id 



and the corres^oond- 



ing <J, Moreover $ Z = T) holds good for every point 
of the field according to formulas (17), 
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Lines of constant efficiency ("Hfree^ plotted. 
These sjiow the efficiency it is possible to attain with 
the individual prop-ell ers. The quality of the. propel- 
lers under given conditions of operation is measured hy 
the degree of approximation to the limiting thrust, A cri- 
terion for this is the Bendemann figure of merit. 



Air propellers can thus be compared and evaluated. In the 
most different propellers (of course, only good ones), ^ 
is found to he remarkably constant. In the most important 
range of operation, it has a value of 0,88 to 0.89, It 
grows worse, however, on approaching the condition >0, 
For this reason it is not possible in take-off calcula- 
tions to use the curve of the ideal thrust as the basis 
of an approximation. 



4, Revolution' Speed and Engine Power 



If it is at first assumed that the engine power is 
constant, i,e,y independent of the revolution speed, then 
the latter (n) , according to the universal law of simil- 
itude (M, Schrenk, loc. cit.) for otherwise given dimen- 
sions, is proportional to the third root of the effective 
torque k^.. The revolution speed for every propeller and 
every operating condition can thus be easily determined 
from the corresponding k^. curve. If the engine power 
is a function of the revolution speed, it was shown by M, 
Schrenk that two approximations for the n.U curve malce 
it possible to determine satisfactorily the relations in 
the whole practical range, namely, 



,1/2 



N 



n 



With the aid of the 'law of similitude, these values can 
be easily introduced into formulas (16) by substituting 
for the variable engine powqr a constant value, which' is 
defined by a definite operating condition, e,g, , the 
torque stand. For the law of 



4 = V 



V2 



1/3 



the roots we then have 

X/3 .V, . 1/ J6 



2 P 



1^0/ V^do> 



2 P F, 



8 



1^0 "^'l-T' 



ITS - 



(2 P Fg No=) 



1/3 



2/15 



y (19a) 
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If it is now considered that, according to Figures 8-10^ 
the effective tbrq.ue kg; generally varies in the prac- 
tically impoirtant region by only ^20 to 25 -per cent, 
ihe effect of. the variation in the effective torque on 
formula's (i9a) is then so small that it can "be disregard- 
ed for pr'Etctical purposes. 

If, on the contrary, the engine power follows the 
revolution speed (constant torque)* the coordinates become 



$ = V. 



2 P 



2 = 



No NV 
S 



= V ( 2 P rr 



( ^d N. 



i/s 



1/3 



_^ 1/3 ^do> 

(2 P Ifo^) ..- O 



(19b) 



In this case, for any fairly accurate calculation, the ef- 
fect of the revolution speed on the output can no longer 
be disregarded. The velocity coefficient and thrust coef- 
ficient of Figure 5 no longer represent any linear func- 
tion of the velocity and thrust, which is inconvenient 
for flight calculations. This situation can be improved, 
by introducing new velocity and thrust coefficients through 
division "by the corresponding k^L functions. 



$1 



(4/kd) 



1/3 



'I _ 



(kd/l=do)'^' 



(l^d/kdo)''' 



ks./(2k4.) 



3/ 3 



V (2 p ^ 1 



S , 



1/3 



> (20) 



(^d/^dJ 



T7T 



(2 P P, 



*This is the assumption in the treatise on variable-pitch 
propellers published by Reissner and Schiller in the 25Sth 
D.V.L. Report (Z.F..H., Vol. 22,. 1931, BJo, 18, ,pp, 551-557,. 
and D.V.L, Yearbook, 1932), There the nondi.mensionai co- 
efficients (l/cs)^'^ (with a constant factor) and .kg/k^ 
are usod. For the purposo of that representation, there 
was to bg followed, above all, the effect of tho variation 
of the propeller pitch on tho thrust at constant torque, 
variable speed, and at any revolution speed (preferably 
constant)* 
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Witli and E' the coordinates oi" the general thrust 

diagram (fig. 5) at constant engine torque again receive 
the signification of velocity and thrust. The reference 
power No is the engine power at the torque-stand r.p.m, 
of the propeller. 

Graphs of this kind are practical when there is much 
calculation to be made with engines of constant torque. 
They are not necessary, however, for take-off calcula- 
tions, since allowance can easily he made for the varia- 
tion of kjL in this region by adopting a mean engine out- 
put. 

V. STATIC THRUST 
1, Lack of Experimental Results 

The iT.A.C.A. data used in this treatise (there "being 
no Grerman data available) lack in one particular; the 
static thrust is nowhere given. This is probably due to 
the fact that the torque-stand conditions can never be ob- 
tained in a wind tunnel with circulation, since, with the 
blower stopped, the propeller generates its own relative 
wind. In future tests the results should be supplemented 
by a measurement of the static thrust with the same pro- 
peller and arrangement, but outside the wind tunnel. 

The British data (reference 4) , which are not in- 
cluded in this report but which have also been investi- 
gated, are distinguished by a systematic choice of propel- 

and also include the static thrust. ITevertheless, 
due to their unbelievably high figure of merit (^q up 
to 90 per cent), these static- thrust data cannot be used, 
because they were apparently obtained in a closed wind 
tunnel. From Figure 7 it is obvious that the inflow to 
the propeller is completely changed by the walls of the 
tunnel • 

The flow conditions on the torque stand were largely 
determined by the experiments of Bendemann and Schmidt. 
(Referende 5.) Glauert and Lock arranged the results of 
their investigations, as established for the point X = 0, 
In a comprehensive picture of the course of the flow at 
any positive and negative coefficient of advance and 
thrust. (Reference 6.) From this it follows that, for 
propellers which work at a small positiTQ or negative 
coefficient of advance* the air flows in from all sides 
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with the formation. of a sp,rt of vortex ring. It is the- 
lateral inflow which has hitherto resisted all attempts 
to' "develop a rati tfna'l' theory of the, pr.opelXerL. on the. . . 
torque stand. Prohahly it is a.lso responsilile for the . 
previously mentioned decrease in the figure of aierit, even 
in cases whore the angle of attack of the "blade is still 
helow the critical point with respect to the inflow, and 
therefore the flow past the "blade has prohably not yet "be- 
come detached. If this inflow from all sides is prevent-- 
ed "by conducting the air "between walls, .the- flow picture 
is smoothed out, thus correspondingly increasing the fig- 
ure of merit. 



There is therefore nothing else to do "but to extrapo- 
late the static thrust from the American data. In order 
to proceod systematically, it was assumed that the thrust 
coefficient is para"boliG in the vicinity of zero coeffi- 
cient of advance. This assumption was. also warranted "by 
the use to be made of it. 

In order to facilitate the para"bolic extrapolation., 
the test values were plotted against the square, of the 
coefficient of advance. (Figs. 8-10.) The small piece 
"between the last test point and the zero coefficient of 
advance was rectilinearly extended for the thrust coeffi- 
cient. For the effective torque, on the contrary, the 
curves were extrapolated according to their general course. 
Naturally such a method may raise certain dou"btB, It ap- 
pears, however, to "be accurate enough for the purpose* 
and yields, moreover, -too low rather than too high static- 
thrust values., thus affecting the calcul-atipn ..on the safe, 
side. Of course it would "be "better if "measured stgitic-. 
thrust data were availa'blo. 



2. 



Quadratic Extrapolation 



3, 



Static- Thrust Figure of Merit 



From these test. results the static- thrust figure of 



merit 



♦Trom the fact that, for the calculation of . the. groxmd run, 
it is integrated over q, it follows that the condition 
in the vicinity of v =0 does not mattermuch. 
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(2 Tci^)^/^ 



= 0.86 




b 



(21) 



can now "be calculated. Since, acc-ording to Section III, 
the static thrust is necessary for the take-off calcula- 
tion, the static-thrust figures of merit must he specially 
determined, in order to provide a "basis for the approxi- 
mate calculation. Lacking a rational theory of the static 
thruat, which would determine the effect of the propeller 
shape, one is left in doubt as to what parameter the stat- 
ic-thrust figure of merit should "be plotted against. It 
can be safely said only that the flow will separate at too 
high a blade angle. Since the blade angle, however, de- 
pends on the pitch ratio H/D, this should be chosen as 
an independent variable. Thus we obtain Figure 11, in 
which a. broken line interpolates the values measured 

on three series of propellers, 

The resulting s tati c- thrust figure of merit of 0,74 
in the most favorable region ia considerably lower than 
what is customarily assximed. The comparison of the ground 
runs calculated with these low values with the measured 
riins, makes it probable, however, that the low values are 
correct, 

IJnder the corresponding assumption that is prob- 

alsly constant in the customary region (with otherwise like 
e^^cution) we have, according to equation (16), 



This ^JiQws how much can be gained in the static thrust by 
incre^slp,g the diameter, whereby large diameter variations 
natui^aiiy necessitate corresponding variations in the rev- 
olution sjpeed, for the propeller to remain in the best 
working' rang^,. 



Since the ta^ke-off formulas in Section III are based 
on the dynamic;? pressure, it is also logical to plot the 
nondimensional thrust curve against the dynamic pressure, 
Por this purpose, $ is pimply squared according to formu- 




1)2/3 



71, PLIGHT RELATIONS 



1. 



Thrust and Drag against the Dynamic Pressure 
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las (16) and (17), giving 




= e (22) 



Figures 12 and 13 were plotted with this abscissa. Of 
course the Bendeinann limit also occurs here. 

It is now necessary to introduce into this represonta- 
tion the drag of the given airplane in addition to the the- 
oretical calculations. This method seems more practical 
than that of plotting' the thrust curves in a drag diagriam 
since, in the first case, it is necessary to calculate an"d 
plot only a single curve "but, in the other case, a whole 
group. 

Moreover, the drag curve in normal flight is very 
easy to plot, if it is remembered that, according to known 
relations (with c^y and Oyr^ as consta.n.t s) , it is'com- 

posed of a straight line through the origin (iiesA resist- 
ance) and an equilateral hyperbola (induced drag) , which 
latter can be easily constructed with a few subsidiary 
lines. The deviations of the actual resistance cxirve from 
this ideal curve need to be considered only in the region 
of high lift coefficients (below 0e ) . 



The drag of an airplano is therefore based on the ap- 
proximate quantits'- S' (aq^intion 14) corresponding to the 
ideal static thrust, and the new nondimensional value is 
then obtained for the drag 

t = ^-T-TTT (23) 

(2 P ), ■ 

The drag coefficient corresponds perfectly to 2 in its 
application in the force diagram. If, for example, we 
have r^iyg and (- ^min ^) » ■ '•'^en ^-wq ~ constant 

means a definite line through the origin. (More about this 
in the neact section,), "^-^sit-n. " constant is a parallel to 
the abscissa at the distance 

■^f _ ■ ^min 

"^^^ (2 P '^^)^' ■ 

At the point of best lift-drag ratio the head resistance 
is just half of the total draa-, From this we obtain 
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6^ and q.e. ivloreoyer the wh.ple drag curve can oe plotted 
as a hyperbola according to known tiethods (Hxltte I), 



2» Drag Increase in Slipstream 



Thus far the procedure has "been as though the propel- 
ler and airplane were 'forking independently of each other. 
In reality the velocity field of the airplsne disturbs 
the slipfitream, and the latter increases the drag of the 
ai rplane. 

G-enerally this phenomenon is summarily accounted for 
by deducting AW from the propeller thtust , which is ex- 
pressed by the disturbance factor rig as follows: 

S - A W = S (24) 

We will calculate in a practical manner, as though 
only the quantity Tig S' were present instead of tl:.e ref- 
erence quantity S', (Bqiiation 14.) ifrcra our diagram we 
then obtain 

S = 2 Ti_ S» i 

' '> ■ (25) 
W = t r\,^ I 

We must bear in mind that, according to equation (25) with 
the introduction of ^ = '^I'/'Hs ^^^s dr£..g curve is in- 

creased by the factor l/Tlg* while the thrust curves re- 
main unaltered. This may ssem coafusing at first thought, 
but is no more than a change in the scale to save work in 
plotting, 

3, Propeller-Blade Ratio and Load Factor 

Moreover, with the aid of equations (32) and (25), 
we can write 

W S _ Cg 



for the lines through the origin. After the transposition 
with W/q = we have 
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Sine© and Z may te exclxanged in the diagram, wo ob- 

tain, with equations (17) and (22) , 

0.25 |,.= 0.25 I = ||; = ^ <26) 

Linos through the origin . = constant) are therefore 

lines of constant load factor. The load factor depends 
(aside from the di stur-hance factor Tib) only on .the .area 
ratio Fa/l*^. 

If the lines for constant Pg/FT^g are now drawn (figs 

11 and 12) , they immediately give a picture of the load 
factor at every point of the field. The load factor de- 
termines the maximum efficiency. 

In the quantity '^sZ-^ttq ""^ ^'ind an old acquaintance, 

namely, the propell er-Tslade ratio. It was previously 
found that this ratio determined tho load factor for the 
"Dest lift-drag ratio. It was 

~ -ns 

When it is recalled that ig^^ = ^ I'w^ i *lie identity of 

this express, on with equation (26) is confirmed. Only equa 
tion (26) is much more general and holds good for any op- 
eration point. 

In Figure 14 these relations are illustrated by an 
example. The drag curve is determined hy 



mm 



= 0.25 



and 



^s 



s 

from which follows 9e = 2 

The drag curve is plottei?. as a hyperbola "between ordinates 
and the given line hy T]^ ^ = 4, Below Qc a mean curve 

•"Ws 

is added under consideration of the separation phenomenon. 
Three propeller curves are plotted for choosing from. The 
choice of the right propeller depends on the use and also 
on the revolution speed. 



S2 
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- 4., Thrust Curves - 

S^ncQ the load factor, efficiency and coefficient of 
advance are constant along the line through the origin, 
such a group of lines can he easily used for plotting the 
thrust curves, similarly to the method previously followed 
in the (N,v) diagram with the aid of the thrust parahola. 
Here the relationship between thrust, engine power and air 
density mu^t "be taken into consideration, which, in corre- 
spondence with the formula for the static thrust, then he- 
come 8 

a.l/ 3 1/33/3 , , 

S ~ (P N^) ~ P K (27) 

If therefore the engine output is reduced 50 per cent, 
e.g. I the thrr.st drops, for the same coefficient of advance, 
to 0,5^/3 = 0,63 of the original. All the ordinates along 
the lines through the origin are now shortened, in order to 
obtain the points for the thrust curve at 50 per cent en- 
gine output. 

Since the present work chiefly concerns the take-off, 
we will not carry this line of thought further, nor illus- 
trate it hy diagrams. 



711. PRAOTIOAL EXAMPLE 



The above deductions and statements will now be illus- 
trated by an example, Tor this purpose, we have chosen 
a G-erman sport biplane whose aerodynamic characteristics 
were derived from flight-performance data in the previoiis- 
ly mentioned work by the writer. The total take-off dis- 
tance up to a flight altitude of 20 m (about 66 feet) will 
be calculated. The data for the airplane are as follows: 

ITo = 350 hp = 1.45 m^ 

G =. 1835 kg hi = 13.6 m 

P = 36.7 m2 c^^^ = 1/10 (= f (bi, P^g)) 

D = -3 m Tig =0.85 

Jrom these valuee we obtain 



qe = S3 kg/m2 and ca^ = 0,80 
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for ttLe flight condition of "best lif t^drag ra-bio with a 
wing loading of ahout 50 kg/m^ (10,24 It./sq.f t.) . For 
plotting in the nondimensional propeller-thrust diagram, 
the. fundamental value of the ordinates must first lia de- 
tormi.ned from equation (25). 

-Ha S« = 0,85 X 1025 = 870 kg 

In the calculation of S' we e,ssume that N = Not since., 
the effect of the variation in the revolution spised, in 
taking off is small* Here the ordinate of the mtnimiim 
drag is 

U' 4 - ^mln = 0.1 X 1835 _ o 2l 

The second place for the drag hyperbola is the line through 
the ordinate with 

The intersection of these two lines yields 

6£ = 1,74 



How the drag curve is plotted (fig. 15) to the right 
of Be as a hypertola, and to the left with a rounding 
up to contact with the vertical line corresponding to 
°^max ~ whose abscissa should he ^mia (the airplane 

in question having a profile with a fixed center of pres- 
sure). On the hasi B of this complete thruft dlagrkm, we 
must first select a particular propeller. .Qf the- thgee 
metal propellers plotted, only the one with the 20,4 ad- 
justment,* according to . the conditions, comes into the 
question, since the take-off thrust rapidly decreases with 
increasing blade angle. This propeller will serve as the 
basis for our further consideration,' 

Formulas (3), (10), and (ll) show a' very diversified 
dependence on the determinative quantities Pm. Pi » and 
Ca . For the explanation, especially of the effect of 



*And also an adjustment in its vicinity, whereby the diam- 
eter and revolution speed must be taken into' consideration . 
(Section IV, 4.) 
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the transition arc (sg), the take-off distance will 
therefore be calculated for various lift coefficients, 
whose minimum value (0,8) corresponds to Cmin* After in- 
troducing the numerical values, the corresponding formu- 
las read 

Cai 

± Pi 

36700 
Pi 

In the calculation it is advisable to introduce, in place 
of the P values, the nondimensional coefficients rr = 

(Bg^-g r t which can be taken directly from the thrust dia- 
gtfain. Before measuring the portion of the thrust 

curve between 0 and Q^. is represented by a straight 
line by eye measurement. The ground-friction coefficient 
[J, was assumed to be 0,075. 

Figure 16 shows the result of the calculation plotted 
against the lift coefficient. It is obvious that the 
transition arc plays an important role only with lift co- 
efficients in the vicinity of Ca • Nevertheless, the 

numerical value of the transition arc can no longer be 
disregarded in the best total distance. Here it is about 
30 m (98 ft,). The error from using approximation formu- 
la (3) for the ground run is small in comparison, being 
3 m (10 ft,) at the most. 

Tith the exact-ed restraint, the conclusion can be 
drawn from the example that the best total take-off dis- 
tance is obtained when the airplane is lifted off the 
ground by the dynamic pressure of steepest climb (maximum 
climbing power) and then, after the shortest possible and 
yet uniform transition, is brought to a steady climb with 
the same dynamic pressure.'" 

Attention is also called to the fact that no such 
good agreement between calculation and experiment can be 



*This is moreover a long-known rule among test pilots. 



Si = 
Ss' = 
Sa' = 
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expected in the talce-roff distance as in. other flight per- 
formances notwi thgtandiiie the greatest care in the <?alcu- 
iation. Inaccniraci e s in the as Burap.tions Ce^speci alls'- 'the 
effect of the slipstream on the drag and lift, and the . 
ground effect (reference 7), and the peculiarities of the 
individual pilots may cause considera'Dle discrepancies. 
With this reservation the test results ottained "oy the 
D.V.L. with the calculated specimen are: 

around run, 170 m ( 558 ft.) 

Total take-off distance, 525 m (1,722 ft.) 

The ground run agrees satisfactorily with the calculated 
distance. On the contrary, the discrepancy in the climb 
is striking. It is presumahle that the pilot took no 
pains to keep this distance as short as possible. The 
discrepancy may be very great, especially in the transi- 
tion stretch, when flown at too snail a coefficient of 
lift. . 

VIII. SUMMARY 



The take-off consists of three parts: ground run, 
transition arc and climb to a given altitude, all three 
parts being taken together and calculated as a unit. The 
flight condition for the nlniuun ground run is obtained 
directly from the force diagram, A special consideration 
shows that the shortest total distance is obtained, when 
the lift-off is made with the lift coefficient' of the 
climb and the transition arc is flown with the maximum 
lift. Under the conditions the total take-off distance 
8 is calculated from the formula 

J_ _& 1_ ^ 1 4. h ~ 

Pm 'Y J °a, ^ ^ ca^^^"*- °a, . , . 

The importance of the individual airplane character- 
istics (weight, accelerating forces wing area and lift 
coefficient) for the take-off distance proceeds directly 
from this extremely simplified formula. The ground run 
is the product of the take-off speed and the ratio of the 
accelerating force to the weight. The effect of the wind 
during the ground run is nearly proportional to- the. square 
of the air speed. The importance of the transition arc 
increases with the climbing power and decreases as the 
excess lift increases. 
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Tor calculating the accelerating force Pm and the 
climbing power Pi , a new nondimensional thrust-pressure 
diagram is developed, containing a theoretical upper lim- 
it for the thrust which greatly, facilitates the search 
for. the test propeller. In this connection the static 
thrust is more carefully considered* The Aleyrac assump- 
tion of a rectilinear course of the propeller thrust with 
respect to the dynamic pressure can be retained, since the 
actual thrust curve in the take-off region ("but only in 
this region) can bo closely approximated by a straight 
line. The static-thrust figures of merit to bo introduced 
in this connection are considerably lower than the cus- 
tomary values. It is further shown how the drag curve 
easily conforms to this form of presentation. In this 
connection remarkable theoretical conclusions were, reached, 
which, however, -could only be considered briefly. .. 

Lastly it is shown by means of a numerical example 
that the best lift coefficient for the take-off and climb 
are about the same ixs for the steepest climb. At still 
higher lift coefficients the effect of the transition arc 
is preponderant. Such high lift coefficients dcs not, how- 
ever, come into the question on account of the danger in- 
volved, so t;.iat it may be said that ■ the minimum practical 
talce-off speed, generally yields the shorte.st take-off 
distance, if flown steadily. 

Beyond the scope of this paper, the work indicates 
ways to a general force diagram, which makes it possible 
to get a clear conception of all the phenomena of throt- 
tled and of unthrottled flight. 



Translation by Dwight M. Miner, 
national Advisory Committee 
for Aeronautics. 
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Figs. 1,2 
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Figure 1. -Force diagram for take-off. lu order to 
develop the formla for the grotmd run, 
the forces are plotted against the dynacidc pres- 
sure. Ground friction and air resistance are de- 
ducted "before integration. The accelerating forces 
deterrainatiTe for the taice-off lie in the hatched 
area. 



As 
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Figure 2. -Correction for forn!ij.la 3. 
mostly under 2. 
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Pigs. 3,4, 5 
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Figure 3.-Por calculating the minimnm grotind run. 

The maximmn accelerating forces and con- 
sequently the minimum ground run is oTstained hy a 
tangent of on the drag curve. The cross-hatched 
area or APjjj represents the thus- obtained increase 
in the accelerating force; 




Figure 4. -For calculating the transition arc. The 

transition is assuiTiCd to "be the arc of a 
circle. The loss frcn the transition arc is repre- 
sented Idv a subsidiary distance ss v/hich corresponds 
to a climbing distance of st; . 
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Figure 5.-.Bendemann limiting curve for thrust in 

nondim-ensional representation. S corre- 
sponds, in the use of engine power on torque stand, 
to the Bendeaaaim ideal static thrust. 
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h/d' = 0.5 0.7 0.9 1.1 1.3 

= 0.0039 O.OOSl 0.00S2 0.0100 0.0114 



@ Points of ;viaximuin efficieiacy 



Figure S.-Hondimensional graph of thrust over speed. The graph contains 
an American series of propeller tests, in which the propellers 
had different pitches. The distance of the curves from the Bendenann 
limit denotes the figure of merit of the propellers at the given point« 
Hyperholas for constant efficiencj;' ^freo'®'^ well as tho curve for the 
azial efficiency rig^ are also plotted. 



Tunnel wall 




Figure 7. -Idealized streaialine diagram of 

propeller on torque stajid. Tho 
lower half represents the conditions with' 
inflow from all sides; tho upper half, tho 
flow in a closed tuxniol. It sliows hoT/ tho 
flow in tho latter caso is smoothed out "by 
the offoct of thj tunnel v/alls, whereby tho 
static thrust is naturally greater than in 
an unconfinod air current. 
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Figs. 8, 9, 10. 11 
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a.Propelldr •113,h/d=1.3 
"b, " 82 « =1.1 

c, " 3 " =1.9 

d, " 7 " =1.7 

e, " 11 " =1.5 
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Figure 8. (y/j^)2 
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a, Propeller 114,h/d=1.3 
l3, " 83 " =1.1 



4 " =0.9 
8 " =0.7 
12 " =0.5 
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Figure 9. (v/nD)^ 
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S'igur OS. 8, 9, 10 .-Coefficients for 

3 propellers 
soriofl plotted against the square 
of the coefficient of advance. The 
plotting is done in this way for 
the purpose of paraholic 
extrapolation of the thrust 
0.8 coefficient On 
a, 30. 3° 

h,25.5° T.IT. 333 Variahlo-pitch propeller. 
c,20.4° n- O 
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Figure 11. -Static- thrust figures 



O.S 



l.D 



1.2 



of merit for 3 series 
of wood propellers. The figures 



0.8 

h/d 

of merit can be represented "by a broken lino with sufficient ac- 
ctiracy for the design. ^ 



Propeller 11 7 3 82 113 

h/d 0.5 0.7 0.9 1.1 1.3 

ka 0.0038 0.0054 0.0067 0.0079 0.0092 



@ Points of maximum efficiency 




Figure 12.-l^ondimensional graphs of thrust over dynamic pressure. In the talce-off region the thrust 

curves can be easily replaced by straight lines. The differences in the static thrust be- 
tween the wooden propeller and the metal propeller are noteworthy. Lines of constant load factor are 
also plotted througia the origin. 



Blade setting at 0.6S 14. S° 20.4° 25.5° 30.3° 
Effective h/d = 0.5 0.7 0.9 1.1 

kfl = 0.0019 0.0030 0.0052 0.0078 



0.8x- 



20.4° corresponds to H = const. (6) Points of maxinnim efficiency. 
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Figure 13.-Nondimensional graphs of tlinist over dj'-namic pressure. In the take-off region the thnist 

curves can "be easily replaced straight lines. The differences in the static thrust he- J^J 

tween the wooden propeller and the metal propeller are note-orthy. Lines of constant load factor are oji 

also plotted throu^ the origin. ^ 
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Figs. 14, 15, 16 

'irigure 14.-Corfi,prohensive 
force diagrau. Tlie air-re- 
sistance curve is deter- 
mined Dy the ordinate of 
the minimum resistance and 
"by the straight line v/hich 
represents the asymptotic 
load factor. The load 
factor for the hest l/d 
ratio is just twice as 
great. 




0 1 2 3 @ 4 5 

Pigare lo.-Thxnst and resistatnce curves for the example. The hatched 
area again determines the ground run. In it the propeller- 
thrust curve is represented "by a straiglat lino, 

400 

Figure 16. -Result of numer- 
ical ozaiiiplo.' The increase in 
the transition arc yields for 




c^ = 1.1 a minimum value for 

the total take-off distance 
u"Q to an altitude of 20 m. 



